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We derive a finite temperature time-dependent effective theory for the phase 6 of the pairing field, which is 
appropriate for a 2D conducting electron system with non-retarded d-wave attraction. As for s-wave pairing the 
effective action contains terms with Landau damping, but their structure appears to be different from the s-wave 
case due to the fact that the Landau damping is determined by the quasiparticle group velocity v 9 , which for the 
d-wave pairing does not have the same direction as the non-interacting Fermi velocity vf. We show that for the 
d-wave pairing the Landau terms have a linear low temperature dependence and in contrast to the s-wave case 
are important for all finite temperatures. 
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1. The microscopic derivation of the effective 
time-dependent Ginzburg-Landau (GL) theory 
continues to attract attention since an early paper 
by Abrahams and Tsuneto H . Whereas the static 
GL potential was derived from the microscopic 
BCS theory soon after its introduction, the time- 
dependent GL theory is still a subject of interest 
|2|. One of the reasons for this is the presence 
of Landau damping terms in the effective action. 
For s-wave superconductivity these terms are sin- 
gular at the origin of energy-momentum space, 
and consequently they cannot be expanded as a 
Taylor series about the origin. In other words, 
these terms do not have a well-defined expan- 
sion in terms of space and time derivatives of 
the ordering field and therefore they cannot be 
represented as a part of a local Lagrangian. We 
recall that at T = and for the static, time- 
independent case the Landau damping vanishes, 
so that either at T = one still has a local well- 
defined time-dependent GL theory or for T ^ 
the familiar static GL theory exists. It is known, 
however, that for s-wave superconductivity even 
though the Landau terms do exist, they appear 
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to be small compared to the main terms of the 
effective action in the large temperature region 
< T < 0.6T C @, where T c is the supercon- 
ducting transition temperature. This is evidently 
related to the fact that only thermally excited 
quasiparticles contribute to the Landau damp- 
ing. The number of such quasiparticles at low 
temperatures is an exponentially small fraction 
of the total charge carriers number in the s-wave 
superconductor due to the nonzero superconduct- 
ing gap A s which opens over all directions on the 
Fermi surface. 

For a d-wave superconductor there are four 
points (nodes) where the superconducting gap 
Arf(k) = on the Fermi surface. The pres- 
ence of the nodes increases significantly the num- 
ber of the thermally excited quasiparticles at 
given temperature T comparing to the s-wave 
case. Therefore one can expect that the Lan- 
dau damping is stronger for superconductor with 
a d-wave gap which is commonly accepted to 
be the case of high-temperature superconductors 
(HTSC). Moreover, it is believed that at temper- 
atures T <C T c , these quasiparticles are reasonably 
well described by the Landau quasiparticles, even 
though such an approach fails in these materials 
at higher energies S . This is the reason why one 
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can hope that a generalization of the BCS-like 
approach Q for the 2D d-wave superconductiv- 
ity may be relevant to the description of the low- 
temperature time-dependent GL theory in HTSC. 

We derive such a theory from a microscopi- 
cal model with d-wave pairing extending the ap- 
proach of Q developed for s-wave superconduc- 
tivity. As known from |l| the physical origin of 
the Landau damping is a scattering of the ther- 
mally excited quasiparticles (normal fluid) with 
the group velocity v g from the phase (or 6—) 
excitations (quantums). Such scattering occurs 
only if the Cerenkov irradiation (absorption) con- 
dition, il = v g K for the energy fl and momen- 
tum K of the (9-excitation is satisfied. This phe- 
nomenon in superconductivity is also called Lan- 
dau damping since its equivalent for the plasma 
theory was originally obtained by Landau. 

One of the main physical differences between 
the s- and d- wave cases is related to the fact that 
for d-wave superconductivity the direction of the 
quasiparticle group velocity v g (k) = dE(k)/dk 
(E(k) is the quasiparticle dispersion law) does not 
coincide with the Fermi velocity vp H|| and a 
gap velocity va = 9Ad(k)/<9k also enters into 
the Cerenkov condition along with vp. We also 
show that the intensity of the Landau damping is 
proportional to T at low temperatures. 

2. We consider the Hamiltonian H for fermions 
on the square lattice with the lattice constant a, 
the dispersion law £(k) and the attractive poten- 
tial V^r) the momentum representation of which 
contains only d-wave pairing 



H =Y,f dT {f dW(T,r)£HV)Vv(r,r) 
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Here iPo-(t, r) is a fermion field with the spin a =| 
, I, a = —a and r is the imaginary time. The final 
results will be formulated in terms of the Fermi 
vp = <9£(k)/<9k|k=k F and the gap va velocities 
which proved to be very convenient both in the 
theory of d-wave superconductors[^|j|] and for the 
analysis of various experiments 
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ployed to derive the effective "phase-only" ac- 
tion (see the review || and Refs. therein). The 
present derivation has some specific features re- 
lated to the non-local character of the interaction 
in coordinate space, so that a bilocal Hubbard- 
Stratonovich field has to be used 0] and an addi- 
tional Born-Oppenheimer approximation is nec- 
essary to separate the terms describing a relevant 
phase dynamics from the rest of the effective ac- 
tion. The detail of this rather lengthy calculation 
will be presented elsewhere ||, so that here we 
present only the final results. 
3. If the Landau terms are neglected it is pos- 
sible to express the thermodynamical potential 
pn kin = -ifdtJ d 2 rC R {t,r) 1(3 = l/T) in terms 
of a local effective Lagrangian 
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£« = —±9(t,r) + y[^,r)] 2 - - W,r)] 2 , 
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which is valid for T <g; A^, where is the am- 
plitude of the superconducting gap and n/ is the 
carrier density. In (J2J) 
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are the phase stiffness and compressibility, re- 
spectively. The Lagrangian (|J) describes the col- 
lective phase excitations (Berezinskii-Kostrelitz- 
Thouless mode) which is the 2D analog of the 
well-known 3D Bogolyubov- Anderson mode. The 
Landau terms which will be considered in what 
follows are, in fact, the corrections to (||) non- 
local in coordinate, which result in the damping 
of 0-excitations. 

4. The Landau terms originate from the terms 



(v F K) Q dn F {E) 
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(a = 0,1, 2) (4) 



which are present in the momentum - real fre- 
quency representation of the effective action || 
(np is the Fermi distribution). The proper treat- 
ment of these denominators leads to the following 
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result: 
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For s-wave pairing |2| all three terms with a = 
0, 1,2 result in F£ ~ Q 3 /vfK because v g || Vf. 
In this case the intensity of the Landau damping 
does not depend on the direction of the vector 
K = [K cos(0— 7r/4), K sin(</>— 7r/4)) in the plane. 
(The angle is chosen in such a way that (f> = ir/4 
corresponds to the first node of the d-wave gap 
when (i-wave pairing is considered.) Furthermore, 
the damping process is exponentially suppressed 
by the factor exp(— A s /T) (A s is the s-wave su- 
perconducting gap) reflecting a small number of 
thermally excited quasiparticles at T <C A s . which 
contribute into the Landau damping. 

Since for d-wave pairing v g l/f vp, the terms 
with different a do not produce the same ana- 
lytical structure with all terms ~ 0,/vfK as for 
s-wave pairing. As the result we arrive at the 
following more complex expression: 
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lation of ultrasonic attenuation for d-wave super- 
conductivity Q gives a result similar to the first 
term of (^|) and indeed the angular dependence 
described by fi coincides with the dependence 
obtained in The presence of angular depen- 
dence in ^ demonstrates explicitly that the in- 
tensity of damping depends on the direction of 
0-particle motion with respect to the nodes on 
the Fermi surface. One can see from (|J) that the 
Landau damping is linear in T and thus it is much 
stronger than for the s-wave case. 
5. It is very important to recall that the col- 
lective phase excitations described here can and 
have been studied experimentally. Indeed the 
measurements of the order parameter dynamical 
structure factor in the dirty Al films allowed to 
extract the dispersion relation of the correspond- 
ing Carlson-Goldman mode and to investigate its 
temperature dependence The model consid- 
ered here shows that it would be interesting to 
address experimentally the physics of the phase 
excitations in d-wave superconductors Jl(| which 
as we have demonstrated has many specific fea- 
tures. 
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where the functions /1, /2 and /a obtained in || 
describe the directional dependence of the corre- 
sponding damping term. The analytical expres- 
sion for these functions are simple, but rather 
lengthy, so that here we show only the graphic 
for one them in Fig. [I]. It appears that the calcu- 
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Figure 1. The angular dependence, fi (4>) of 
the Landau term ~ il 3 /K for vf/va — 20 and 

\n\/v F K = 0.1. 
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